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Figure 1: Dinner is served! A large pot dropped on a table causes plates and cups to jump. While all objects are rigid bodies, we approximate
the elastic vibrations and shock waves due to large force changes in order to produce a distant collision response.

Abstract

We use a finite element model to predict the vibration response of objects in a rigid body simulation, such that rigid objects are
augmented to provide a plausible elastic collision response between distant objects due to vibration. We start with a generalized
eigenvalue decomposition of the elastic model to precompute a response to an impact at any point on an elastic object with
fixed boundary conditions. Then, given a collision between objects, we generate an approximate response impulse to distribute
to other objects already in contact with the colliding bodies. This can lead to distant impacts causing an object to slip, or a
delicate stack of objects to fall. We also use a geodesic distance based spatial attenuation approximation for travelling waves
in objects to respond to an impact at one contact with an impulse at other locations. This response ultimately allows a long
distance relationship between contacts, both across a single object being struck, but also traversing the contact graph of a
larger collection of objects. We qualitatively validate our approach with a ground truth simulation, and demonstrate a number
of scenarios where a long distance relationship between contacts is valuable.
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1. Introduction

Rigid body simulations are an integral component of many interac-
tive and real-time computer graphics applications. However, when
contact is involved, rigid body simulations do not capture the true
behavior of a response due to impact, such as transient vibration
effects. These effects can be observed in everyday scenarios, for in-
stance, when a heavy object is dropped on a table and other nearby
objects resting on the table will momentarily rattle (see Figure 1).
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These disturbances are due to waves that emanate from the site of
an impact on an elastic object, and produce small vibrations across
the object’s interior and surface.

It is common to ignore the elastic properties of rigid bodies in
most simulations, with one exception: the use of a coefficient of
restitution to approximate how objects should bounce off one an-
other. While the true response to collision can vary widely based on
the impact location, the one parameter Newton restitution model
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is widely used and does a very reasonable job of capturing the
basic phenomenon. With the goal of producing visually richer
rigid body simulations, bounce maps [WSJP17] provide collision-
location specific restitution coefficients, but only focus on the local
effect. Our goal is similar, except that we focus on the subtle rela-
tionship between an impact at one location and distant contacts at
other locations.

If we treat a rigid body as a stiff elastic solid, we can use a finite
element model simulation with small step sizes to create a faithful
approximation for how collision will produce a response at distant
existing contacts. The collision produces elastic waves that propa-
gate through the material, reflect at boundaries, and ultimately pro-
duce complicated vibrations. Such simulations require very small
time steps to properly capture wave propagation in stiff materials.
So, to avoid this high computational cost, we propose two sim-
ple and inexpensive approximations that can be easily incorporated
into interactive rigid body simulations stepped at normal rates (e.g.,
video frame rates). First, we use a reduced modal model to asses the
displacements of low frequency vibrations produced by impacts.
We use the maximum observed displacement of these vibrations
at distant contacts to produce a response. Secondly, we propose a
method to simulate the effect of wave propagation in larger objects
(for instance, terrain) where attenuation due to distance should be
considered. Although the underlying physical effect is the same for
small and large objects, we note that reduced modal models are best
for smaller objects that resonate when hit, while our spatial attenu-
ation model is better for larger objects in which traveling waves are
poorly modeled with a reduced modal basis.

Overall, our primary contribution is an efficient algorithm for
simulating the distant transient effects due to impacts in real-time
rigid-body simulations. Our method is straightforward and can ac-
count for vibrations in small objects, and traveling waves in ter-
rain or large objects. We demonstrate the effect of a distant colli-
sion response in a number of practical applications, and provide a
comparison with a ground truth elastic simulation using small time
steps. Finally, we discuss the limitations of our simplifications to
the problem.

2. Related Work

Bender et al. [BET13] provide an excellent survey of rigid body
simulation with frictional contact. Included in this survey is a dis-
cussion of the single parameter coefficient of restitution models
attributed to Newton and Poisson, as well as the multi-parameter
model of Chatterjee and Ruina [CR98], which allows frictional ef-
fects to be accounted for in the collision response. Cataldo and
Sampaio [CSO1] provide a short yet informative survey of other
rigid body collision models used in mechanical engineering. More
recently, Wang et al. [WSJP17] propose storing texture maps of
precomputed collisions responses, and a method for combining in-
formation stored at the point of impact on each surface to produce
a coefficient of restitution specific to the geometry of two colliding
objects. While this adds visual richness to a rigid body simulation,
we note that this only addresses the local problem. In our work,
we use the simple and common Newtonian coefficient of restitu-
tion, and instead focus on the impulses that distant contacts should
receive when there is an impact elsewhere on the object.

Our approach augments a rigid body simulation to provide a bet-
ter approximation of how an effectively-rigid body should behave
in the real world. In addition to the bounce maps technique for vary-
ing the coefficient of restitution [WSJP17], other work has recog-
nized the importance of not overlooking the true elastic properties
of rigid bodies, specifically, in the production of contact sounds.
FoleyAutomatic [vdDKPO1] uses models built from impact record-
ings of real objects to produce sounds in simulations of rigid bodies
in contact, while O’Brien et al. [OSG02] generate impact sounds
by first precomputing the vibration modes of finite element mod-
els. Zheng and James [ZJ11] propose a method for high quality
modal sound simulations where they take all contacts (i.e., chang-
ing boundary conditions) into account, and produce coupled mo-
tions that would not otherwise be produced in a rigid body simu-
lation. While these simulations feature realistic collision response
and high-quality contact sounds, they are only produced with a
large computational cost.

In addition to impact responses and sound, augmenting rigid
bodies to allow visually rich simulations has been proposed for
other physical properties. Just as we can use textures to make the
visual appearance of simple geometries more complex, Coulomb
friction textures can be measured and reused [PDJ 01], and spa-
tially varying friction properties can be designed with phenomeno-
logical models [EMAK20]. Galoppo et al. [GOM 06] propose
elastic deformation textures to model the varying surface compli-
ance of almost rigid bodies. They treat the body as having a rigid
core surrounded by a layer of deformable material, and propose a
method for efficient decoupled contact resolution. For the coupled
formulation, implicit integration ensures stability but also inhibits
the production of any distant impact responses. For the quasi-static
case, Pauly et al. [PPG04] propose a Boussinesq approximation to
local deformation on rigid bodies. In contrast, our simulations re-
main rigid as we do not seek to visualize any deformation of the
surface due to contact.

We note that the relationship between different contacts is im-
portant in several problems related to solving for the motion of
rigid bodies in contact. While not directly related to our problem
of distant collision response, we note a few examples here. For
instance, Smith et al. [SKV 12] resolve the problem of simulta-
neous reflections during an impact on a rigid body system. Their
approach produces the correct response for a Newton’s cradle, i.e.,
when a sphere strikes one end of the row of spheres, an impulse
on the sphere at the far end is generated to correctly transfer the
momentum. For interactive rigid body simulations using iterative
solvers, shock propagation [Erl07] is likewise a useful technique
for more quickly converging to a solution due to a distant colli-
sion. In other examples that concern improving convergence, long
distance constraints for cloth, chains, and gears have been pro-
posed [KCMF12,MCMJ17]. While we must also address the prob-
lem of computing solutions to time step rigid body systems with
frictional contact, our goal in this paper is to solve an orthogonal
problem. We augment simulations such that they exhibit the phe-
nomena of elastic waves and vibrations within the bodies due to
impacts, producing movement of objects in contact at a distant lo-
cations.
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3. Constrained Dynamics

Here we briefly present the constrained multibody dynamics for-
mulation that we use for our rigid simulations. We adopt a symplec-
tic Euler integration scheme and use a time step of size 4. Using the
velocity-level constrained dynamical equations for an n-body sys-
tem with m constraint equations, this gives the linear system

M )T vt Mv+sf "
1 + = g ’
with mass matrix M € R 61 , momentum My, constraint Jaco-

bian J € R™ " constraint impulses | € R™, generalized veloci-
ties v € R®", applied forces f € R®", constraint violations f € R™,
and all variables carrying the superscript 0% are implicit quanti-
ties, meaning they are computed at the end of the time step. Note
that € provides regularization, and is known as the constraint force
mixing parameter (CFM), while g is the error reduction parameter
(ERP) [SmiO5]. While these parameters can approximate implic-
itly integrated elastic contact forces of deformable bodies (e.g., see
Galoppo et al. [GOM 06]), we process elastic displacements and
vibrations differently for rigid bodies that we equip with distant
collision response.

Forming the Schur complement of the upper left block of Equa-
tion 1 gives the reduced system
Lereym ' 1t =95 M 'Mv+an: )
h? h
—3 | {z }
A b

which is a popular formulation for constrained multibody dynam-
ics [ATK17]. Note that the block diagonal form of M makes it triv-
ial to invert, and since the CFM regularization is diagonal with only
positive values, the matrix A is positive definite and symmetric.

Since our simulations involve contact, we introduce feasibility
and complementarity conditions such that

Al —b=w=w+—w (3a)
0<w+ L1 —1,>0

; 3b
0<w Lly—1">0 (96)

where ly; and 1y, are upper and lower bounds on the constraint
impulses, respectively. The lower and upper bounds on the con-
straint impulses I, < 17 < Iy, ensure that non-interpenetration
constraints Iy only apply forces to separate bodies. Frictional con-
straints are also bounded according to a box approximation of the
Coulomb friction cone and limits are computed as I, = —uly and
Iy = uln, where u is the static coefficient of friction. We com-
pute the friction bounds based on an initial solution of the non-
interpenetration forces Iy, although many iterative solvers [Erl17]
allow for more frequent updates of the frictional bounds. Note that
we divide the residual vector w into non-negative complementary
components, thatis, 0 <w+ L w >0.

For new contacts we can include a Newtonian collision response
by modifying b in Equation 2. Suppose the normal direction contact
constraint of the new contact is given by row i of the Jacobian J.
We add

—eJrowiV 4)
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to the i component of b where € is the coefficient of restitution.
This ensures that the post-collision relative velocity in the normal
direction at the collision is at least as large as e times the pre-
collision relative velocity, and in the opposite direction. When €
is less than 1, the collision response involves energy dissipation in
the form of damped elastic vibrations within each colliding object.
Conceptually, it is these vibrations that produce our distant colli-
sion response.

Once we have the solution of the constraint impulses 1, it is
then substituted into the first line of Equation 1 to compute the
generalized velocities, and we advance the state of the system.

4. Distant Collision Response

We produce two kinds of distant collision responses: one for
smaller objects, such as tables, based on activating a modal vi-
bration model and observing displacements at distant contact loca-
tions; and one for larger objects, such as terrain or our scaffolding
example, which is based on traveling elastic waves that originate
at impact locations. We provide details both approaches in the sub-
sections below, beginning with an explanation of how we compute
the reduced elastic model.

4.1. Modal Vibrations

To predict the elastic behavior of rigid object we use a reduced lin-
ear finite element model. Here we summarize the model reduction
technique, and note that the FEMDefo SIGGRAPH course [SB12]
provides an excellent detailed overview of many topics related to
finite element models and reduced deformation. Let us consider a
volume mesh of the rigid object, with n nodes. With damping, small
deformations u € R¥" of the nodes follow the equation,

Mii +Du+ Ku =f 5)

where M, D and K € R* 3" are respectively the mass, damp-
ing, and stiffness matrices obtained by applying the finite element
method (FEM) to the linearized partial differential equations of
elasticity. We use model reduction to project this high-dimensional
system onto a low-dimensional subspace to obtain a smaller system
with similar properties,

u="Uq (6)

where U € R " and q € R™ denote the linear modal basis matrix
and the modal amplitudes, respectively (with m < 3n). The modal
basis matrix is an assembly of the low-frequency modes obtained
by solving the generalized eigenvalue problem of the elastic model,

stituting Equation 6 into Equation 5 and pre-multiply Equation 5
by U”, we can then solve for the amplitudes q,

M4 +Dgq+Kgq=r; @)
where mass Mq = U MU, damping Dq = U’ DU, stiffness Kq =
UTKU € R™ ™, and reduced force r = UTf € R™. The matrices
Mg and Kq are diagonal, and we use Rayleigh damping D = agM +
a; K which allows to write the system as m independent ordinary
differential equations,

. ki .
G+ ag+a;— ¢+-—q=—; (8)
m; m; m;
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Figure 2: Four lowest frequency mode shapes of the table model. RGB colors correspond to XYZ absolute displacement magnitudes.

with m; and k; being the i coefficient of diag(Mq) and diag(Kq).

In our examples we choose to use 20 modes as we find that this
does a reasonable job of capturing the longer lasting low frequency
oscillations for the mass, damping, and elasticity parameters we set
for our models. For instance, Figure 2 shows the first four modes
of the table in Figure 1, which is given parameters for hardwood.

Since we only care about interactions and displacements on the
surface of our rigid bodies, we store only the mode information
for surface vertices of the tetrahedral mesh in a triangle mesh with
matching geometry and surface topology. We then map contact
forces and impulses from the rigid body simulation to the surface
of this triangle mesh in order to compute the modal displacements
due to a collision impulse.

4.2. Displacement Response due to Impact

Our approach simulates collision response at real-time frame rates
using an efficient rigid body simulation and it is common to per-
form collision detection using a geometry that approximates the
detailed geometry of the object. We therefore map an impulse due
to collision from its location in space to a location on the surface of
the triangle mesh of the elastic mechanical model. The process of
computing a distant contact response based on collision is summa-
rized in Figure 3.

Given the barycentric coordinates within the model, this impulse
of a new contact is mapped to a reduced impulse by

re =UTHm, Iy 9

where U is the reduced basis, H. contains the barycentric weights
of contact point ¢, and ly is the non-interpenetration impulse from
the constraint solve and is in the direction of the contact normaln..

We apply the reduced impulse vector r¢ to our modal vibration
model through forcing. While we could use a soft cosine lobe or
Gaussian shape profile, we have already selected a reduced number
of modes, and such a softening to avoid activating high frequency
modes is unnecessary. Thus, we simply compute the total accumu-
late reduced impulse from all new contacts that occurred in the rigid
body simulation time step, and apply this total as a force at the first
time step r(D=T where the modal model time step of size T, and
use r) =0 for k> 1. We compute the response of each mode q;
due to the forcing function by an IIR digital filter,

(k 1)
k) _ k 1) k 2) r .
q; =a;,q; ~—ayq; T tay ; (10)
J ey J ] J m]T

where filter coefficients a; and a,, along with the forcing coeffi-
cient a,, are those specified by James and Pai [JPOEJ. Recall that
T is the time step size for the IIR filter, and W; =~ kj=m; is the

natural undamped frequency of the jth mode. We use an IR for its
simplicity in time stepping the reduced physical system.

Equation 10 is evaluated over a fixed duration that is equal to a
single time step &. We step the filter with smaller steps than that of
our rigid body simulation. The step size we use is determined by
the period of the maximum frequency mode of our reduced model.
While we focus only on the low vibration frequencies in our re-
duced modal model, T’ can be several orders of magnitude smaller
than A. Luckily, the filter response is very efficient to compute. We
set the stepping rate of the filter as twice the Nyquist frequency of
the maximum modal frequency Wmax:

__ b
d 2Wmax

4.3. Computing Distant Impulse Responses

We compute an impulse response for each existing contact with
the distant collision object. These contacts correspond to mesh lo-
cations shown in red in Figure 3, which are nodes in the elastic
mechanical model.

Equation 10 computes the nodal displacements at each sub-step
k. Since we run the filter at a much higher frame rate than the rigid
body simulation, we approximate the response over a time step
h and determine the maximum magnitude displacement for each
nodal coordinate i corresponding to an existing contact, such that

@ (11)

— T
di;max = max mn; U;q
k=1::h=T
where U; is the rows of the modal basis giving the displacement of
a distant contact at node i.

The maximum displacement at these distant contacts is used to
generate a response by computing a velocity change

d;-
Dv; = "2““ : (12)

This is a velocity change in the normal direction of nodal coordi-
nate i, and for each node affecting contact p we assemble these into
a vector of velocity changes Dv. Nodal velocities are then mapped
back to the contact points p by a simple linear mapping using the
barycentric weight matrix for the existing contact Hp, :

Dv, = Hp,Dv: (13)
This quantity can be directly included in Equation 2 by adding it to

(© 2020 The Author(s)
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Figure 3: Left: A sphere collides with a static ground object, which already has a box resting on top. All objects are represented by arbitrary
collision proxies, and the collision triggers our distant collision response algorithm. Middle: The contact ¢ (magenta) generated by the
impact has its position mapped to points on the surface of the precomputed elastic model using barycentric coordinates. Distant contacts py
and p» (red) are also identified during this phase. Right: Displacements resulting from the impact vibrations are computed using an IIR filter,
which are then converted to impulses applied at distant contact points (green).

Figure 4: Geodesic distances computed for a node on the top right
hand side of the scaffold mesh.

the component of b corresponding to the normal contact constraint
of contact p in the exact same way that we deal with a non-resting
contact collision response.

Multiple impacts in the same time step all activate the modal
IIR model and the maximum displacement at distant contacts will
account for the simultaneous impulses. Furthermore, we can run the
IIR continuously, thus small vibrations which have not yet damped
can continue to contribute influence distant contact in conjunction
with new impacts.

4.4. Distance Collision Response with Spatial Attenuation

In very large objects, such as terrain, an impact does not produce a
vibration but instead sends a traveling elastic wave out into the ma-
terial. An impact produces surface waves, also known as Rayleigh
waves, as well as bulk waves beneath the surface. In terrain mod-
eling, it is also recognized that different elastic responses to sheer
and compression give waves that travel at different speeds. Since
we are mainly interested in the effect of traveling waves observed
at distant locations on the surface, we use a geodesic distance be-
tween points within an elastic model to compute a response. Note
that for flat terrain, this simplifies the distance computation to be a
simple Euclidean distance.

(© 2020 The Author(s)
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The intensity (i.e., energy) of sound waveforms is well-known
to follow an inverse proportional square law as a function of dis-
tance from the sound source. Terramechanics experiments have
also demonstrated that geometric attenuation of vibration in ground
terrain follows a similar relationship [CCWT19]. Given a vibra-
tion source impacting a terrain surface, the attenuation factor of the
waveform amplitude at a distant point is given by

b
s =exp(—a(r—ry)) % : (14)

where r is the distance from the source to the point, r( is a minimum
distance (i.e., zero attenuation at r = ry), & is a material absorption
coefficient, and b is constant that depends on the geometry. The a
parameter accounts for energy absorption due to material damping
(e.g., Rayleigh damping parameters), The ry parameter relates to
the discretization of the finite element model because collision at a
point produces a brief traction on adjacent elements. The b param-
eter is similar in spirit to quadratic polynomial light attenuation.
However, given that we work with velocities, b is approximately
zero for rods structures, 0:5 for thin shells, and 1 for volumes. We
discuss later how we take liberties in tuning the parameters of this
physically based spatial attenuation model.

To use the attenuation model of Equation 14, we must have an
initial displacement amplitude. We precompute the amplitude for
a normal unit impulse at each vertex of our mechanical model us-
ing the same max displacement procedure described in Section 4.3,
except that here we are measuring the displacement of the same
vertex that is receiving the impulse. Then, at run time, we simply
scale this local displacement amplitude by the attenuation factor in
Equation 14 to compute the response at a distant contact. Given an
impact ¢ and a vector of displacement due to unit impulse §, the
local displacement is computed as

Dxe = G hely; (15)

where h, is a vector containing the barycentric coordinates of the
collision location of ¢ and ly is the non-interpenetration impulse
computed by the constraint solver.

A response at a distance contact p can be produced by mod-
ulating the initial amplitude Dx. according to the to its geodesic
distance rp from the impact point,

Dv, :s%: (16)
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Again, we can directly include this in Equation 2 by adding it to the Finally, the impulse is computed as

ggmg&r&fnt ob corresponding to the normal contact constraint of hfp = Mgt DViAp: (18)
which is applied to the body with the existing contactor a dis-

tant collision response with spatial attenuation, the process of com-
puting an impulse from the desired displacement is similar. The
fjesponse impulse is then computed as

We use a heat-based geodesic computation [CWW13] on the sur-
face mesh to compute the distamgdetween a distant contact and
the impact location. While there is only a small cost to compute
the distance, we also cache the computation of distances from eac
existing contact in a hash map. This allows them to be reused if
an object only receives a small disturbance, while cached solutions
that have not been used in a long time can be periodically removed.

Figure 4 shows a visualization of the distances we would cache for g Regults

an existing contact on the right hand side of the top level of scaf-
folding for a construction-site. Ourimplementation uses the Vortex physics engine [CM 19] for the

rigid body simulation. The distant collision response code is imple-
) ) mented in C++ using double precision and the Eigen linear alge-
4.5. Implementation Details bra library for matrix multiplications and storage. All simulations

Small magnitude impacts produce effectively no vibration response Were performed on a Windows PC with an Intel Core i9-9980HK
(e.g., small objects that land gently on a surface need only a small (2-4 GHz) CPU and 32 GB of RAM. Table 1 lists compute times
impulse). We reduce computation and do not produce a distant col- for our examples using this hardware.

lision response by ignoring impacts in cases wheréalls below a

set threshold. Furthermore, the IR Iter and spatial attenuation col-
lision response are only computed for new collisions resulting in an
impulse greater than the threshold, and so our implementation re-Figures 6-5 show some of the examples we use to demonstrate our
lies on a callback function that is able to distinguish new collisions distant contact response technique. We summarize some of the sim-
from existing collision (e.g., impacts versus resting contacts). ulation parameters for these examples below (see also Table 2), and

highlight characteristics of each example. The supplementary video

To save time in Set“”g the_ correct damping parameters, we €aN41s0 shows the behavior of each example when simulated using our
choose to completely skip this step and restart the IR state at Z€ro, . athod

at the beginning each time step (see Equations 10 and 11). In exper-

iments where we selected good Rayleigh damping parameters, weDinner is served.A pot (5 kg) is dropped on a table, causing an
observe that the vibrations are mostly dissipated after one or two arrangement of plates (0.5 kg), teacups (0.4 kg), and candlesticks
rigid body simulation time steps, and we note that searching for

the maximum normal amplitude of the undamped response within

a time steph produces effectively the same response.

Dxc
hfp = smg e (19)

5.1. Examples

The exponential decay in the spatial attenuation Equation 14 can
have a small effect over the distances that are typical in our scenar-
ios. For easier manual tuning of different scenarios, weget 1
and replace the exponential with a const@nio simplify the re-
sponse te= Cr b in our implementation.

Not all objects in our scenes are equipped with modal vibration
models. We have many of the smaller objects in our simulations
treated simply as rigid bodies (e.g., plates, cups on the table and
tools on the scaffold and roof).

While the convenient way to inject the desired relative velocities
at contacts into our rigid body solver is to modify the constraint
violationf in Equation 1, the error reduction parameter may not be
easy to modify in all rigid body simulation software. In this situa-
tion we can directly compute an explicit force (with the drawback
that the effect is then injected locally with a local effective mass
rather than imposing a desired contact separation velocity on the
full solve). That is, we can apply the velocity change at existing
contactp as an impulse by multiplying with the effective mass of
the contact. This requires computing the effective nmgsof the

contacting body as seen from the non-interpenetration constraint,
. Figure 5: Nearby traf ¢ cones shake and a stack of lumber topples

= - _: 17 as a low-rider truck collides with the ground.
Meff JpM 13 pT (17)
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